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Abstract The stationary properties of a saturation laser model with cross-correlation be-
tween the real and imaginary parts of the quantum noise are investigated theoretically. Us-
ing the Novikov theorem and the Sargent technique, we obtain the analytic expressions
of the stationary probability density distribution, the mean, the variance and the skewness
of the saturation laser model. The cross-correlation coefficient λ and other parameters can
make the stationary probability density distribution Pst(I ) generate interesting two-extrema
structure, one-extremum structure, or no-extremum structure. It is clearly found that a first-
order-like-transition is induced by the coupling strength |λ| of the complex quantum noise
terms in the saturation laser model. When the laser system is operated above the threshold,
the mean 〈I 〉 becomes larger and the output of the laser intensity increases; however the
coupling strength |λ| attenuates the output of the laser intensity. When the laser is operated
near and below the threshold, the mean 〈I 〉 becomes smaller, the output of the laser intensity
decreases, and |λ| still attenuates the output of the laser intensity. When a periodic signal is
added to a saturation laser model with cross-correlation between quantum noise terms, the
interesting stochastic resonance phenomena occur at λ = 0. The noise intensity Q decreases
the values of the resonance peak, however, the amplitude of the periodic signal B enhances
the values of the resonance peak.
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1 Introduction

Statistical fluctuations of laser radiation determine the limits on the use of lasers in almost
every application. For a laser system, the effects of the internal quantum noise are impor-
tant and interesting. Generally speaking, the quantum noise is the complex noise, of which
the real and imaginary parts may be non-correlation or cross-correlation. When the real
and imaginary parts of the noise terms in the laser field originate from independent noise
sources, the real and imaginary parts are non-correlation [1–4]. However, in certain situ-
ations, when the fluctuation of the complex field can be coherent and the real and imag-
inary parts of the quantum noise originate from a common bath, two parts may be cross-
correlation [5–8]. A few studies exist in which the effects of cross-correlation between ad-
ditive and multiplicative noises are considered [9–14]. The statistic properties of a cubic
model of single-mode laser with non-correlation or cross-correlation between the real and
imaginary parts of the quantum noise have been widely investigated [1–8]. Zhou et al. have
taken into account the cross-correlation between real and imaginary parts of the quantum
noise in a two-dimensional single-mode laser, specifically in their calculation that the am-
plitude equation was not decoupled from the phase equation [7]. Employing the technique
developed by Sargent III et al., Ke et al. obtained the mean, the variance and the skewness
of the laser intensity of a cubic model of single-mode laser with cross-correlation between
the real and imaginary parts of the quantum noise [8]. In 2004, Xie and Mei discussed
the relaxation time and correlation function of a cubic model of single-mode laser with
cross-correlation between the real and imaginary parts of the quantum noise [15] and Zhang
et al. yet investigated the case with multiplicative colored noise with cross-correlation be-
tween the quantum noise terms [16]. The saturation laser model is as typical as the cubic
model of single-mode laser, which possesses important theoretical value and application
value [17–22]. First-order-phase transitions are interesting physical phenomena which were
already observed in early experiments [23–27]. Lett et al. discussed colored-noise-induced
first-order phase transition in a single-mode dye laser [28, 29]. Thereafter, a first-order-like
transition induced by the cross-correlation strength |λ| of the complex quantum noise in the
single-mode laser is shown in [8].

In this paper, we investigate the stationary properties and the stochastic resonance for
a saturation laser model with cross-correlation between the real and imaginary parts of the
quantum noise from the point of view of phase lock and show the effects of cross-correlation
between the real and imaginary parts. In Sect. 2, applying the technique developed by
Sargent III et al., the analytic expression of the stationary probability density distribution
(SPDD), the mean, the variance, and the skewness of laser intensity are derived. In Sect. 3,
adding a periodic signal to a saturation laser model with cross-correlation between quantum
noise terms, we discuss the stochastic resonance phenomena. In Sect. 4 the first-order-like
transition which is induced by the cross-correlation strength |λ| of the complex quantum
noise in the saturation laser model is revealed and the effects of λ for the SPDD, the mean,
the variance, the skewness of the laser intensity, and the signal-to-noise ratio (SNR) distrib-
utions are drawn. Discussions and conclusions conclude the paper.

2 Langevin Equation and Steady-distribution Function

The laser model with a full account of the saturation effects follows the Langevin equa-
tion [30]

dE

dt
= −KE + F1E

1 + A|E|2/F1
+ q(t), (1)
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where the electric field E is complex and dimensionless, K is the cavity decay rate for the
electric field, F1 = a0 + K is the gain parameter, and a0 and A are real and stand for the
net gain and the self-saturation coefficient, in which the random variable q(t) represents
complex quantum noise. The noise terms are assumed to be Gaussian white noise with zero
mean and correlations:

〈qI (t)qI (t
′)〉 = Qδ(t − t ′), (2)

〈qR(t)qR(t ′)〉 = Qδ(t − t ′), (3)

〈qI (t)qR(t ′)〉 = 〈qR(t)qI (t
′)〉 = λQδ(t − t ′), (4)

where qI and qR stand for the real and imaginary parts. The parameter λ, the cross-
correlation coefficient, measures the degree of cross-correlation between qI (t) and qR(t),
and −1 ≤ λ ≤ 1. The absolute value of the cross-correlation coefficient |λ| reflects the cou-
pling strength between qI (t) and qR(t).

Performing the polar coordinate transform E = reiφ in (1), where r and φ are the ampli-
tude and the phase of the laser field, respectively, we can obtain two-dimensional stochastic
equations of the field amplitude and the field phase as follows [8]

dr

dt
= −Kr + F1r

1 + Ar2

F1

+ εr (t), (5)

dφ

dt
= 1

r
εφ(t), (6)

where

εr(t) = qR(t) cosφ + qI (t) sinφ, (7)

εφ(t) = −qR(t) sinφ + qI (t) cosφ. (8)

Since both 〈εr(t)〉 and 〈εφ(t)〉 are nonzero, applying the techniques developed in [2, 31],
εr(t) and εφ(t) can be changed to

εr(t) = Q

2r
(1 − λ sin 2φ) + εr(t), (9)

εφ(t) = − Q

2r
λ cos 2φ + εφ(t), (10)

where εr(t) and εφ(t) are pure noises with zero mean and correlations

〈εr(t)εr (t
′)〉 = Q(1 + λ sin 2φ)δ(t − t ′), (11)

〈εφ(t)εφ(t ′)〉 = Q(1 − λ sin 2φ)δ(t − t ′), (12)

〈εr(t)εφ(t ′)〉 = 〈εφ(t)εr (t
′)〉 = Qλ cos 2φδ(t − t ′). (13)

Substituting (10) into (6), we have

dφ

dt
= − Q

2r2
λ cos 2φ + 1

r
εφ(t). (14)
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In (14), a new drift term, −(Q/2r2)λ cos 2φ, which arises from the nonzero cross-correlation
coefficient λ, can lead the laser phase to be locked at a stable value φs that is determined
by [31]

λ sin 2φs = |λ|, (15)

where φs = (2n + 1)π/4, n = 0,±1,±2, . . . .
Inserting (15) and (9) into (5), the decoupled amplitude equation can be written as

dr

dt
= −Kr + F1r

1 + Ar2

F1

+ Q

2r
(1 − |λ|) + εr(t), (16)

where

〈εr(t)〉 = 0, (17)

〈εr(t)εr (t
′)〉 = Q(1 + |λ|)δ(t − t ′). (18)

Defining the laser intensity as I , we have I = |E|2 = r2 and finally obtain the Langevin
equation on I corresponding to (16)

dI

dt
= −2KI + 2F1I

1 + AI
F1

+ Q(1 − |λ|) + 2I
1
2 εr(t). (19)

The Fokker-Planck equation (FPE) for the probability density distribution P (I, t) of the
laser intensity corresponding (19) is given by [5, 32]

∂P (I, t)

∂t
= − ∂

∂I
[F(I)P (I, t)] + ∂2

∂I 2
[B(I)P (I, t)], (20)

where

F(I) = −2KI + 2F1I

1 + AI/F1
+ 2Q, (21)

B(I) = 2Q(1 + |λ|)I. (22)

In the case of a stationary state, the stationary probability density distribution (SPDD)
Pst(I ) can be obtained directly from (20) and is given by

P′
st(I ) = N ′

2Q(1 + |λ|) I
β1

(
1 + A

F1
I

)β2

exp(β3I ) lim
ε→0

1

ε
1

1+|λ|
(23)

for −1 ≤ λ ≤ 1, where ε is a positive infinitesimal quantity of the laser intensity I near the
zero,

β1 = − |λ|
1 + |λ| ,

β2 = F 2
1

AQ(1 + |λ|) ,

β3 = −K

Q(1 + |λ|) ,
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and N ′ is a integral constant.
Then from (23), we get the normalized stationary probability density function

Pst(I ) = N

2Q(1 + |λ|) I β1

(
1 + A

F1
I

)β2

exp(β3I ), (24)

where N is the normalization constant which is given by

N = 1∫ ∞
0

1
2Q(1+|λ|) I

β1(1 + A
F1

I )β2 exp(β3I )dI
.

Then expectation values of the nth power of the laser intensity I are given by

〈I n〉 =
∫ ∞

0
I nPst(I )dI. (25)

The mean, the normalized variance, and the skewness of the laser intensity can be given by
the following.

The mean laser intensity is

〈I 〉 =
∫ ∞

0
IPst(I )dI. (26)

The normalized variance of intensity is

λ2(0) = 〈I 2〉
〈I 〉2

− 1. (27)

And the normalized skewness is

λ3(0) = 〈I 3〉
〈I 〉3

− 3λ2(0) − 1. (28)

3 Stochastic Resonance

The equation of the intensity for the saturation laser model with cross-correlation between
quantum noise terms added a input signal is given by

dI

dt
= −2KI + 2F1I

1 + AI
F1

+ Q(1 − |λ|) + 2I
1
2 εr(t) + B cos(
t), (29)

where B and 
 are the amplitude and the frequency of the harmonic excitation, respectively.
Linearizing (29) around the deterministic steady-state intensity I0 = F1(F1 − K)/KA

and writing I = I0 + δ we have [33]

dδ

dt
= −γ δ + Q(1 − |λ|) + 2I

1
2 εr(t) + B cos(
t), (30)

where γ = 2K(F1 − K)/F1.
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The normalized correlation function defined [34] by

C(t) = lim
t ′→∞

〈I (t ′ + t)I (t ′)〉 − 〈I (t ′)〉2

〈I (t ′)〉2
(31)

is obtained by straightforward integration of (29) and making use of (17) and (18). And than
we find

C(t) = 2
Q(1 − |λ|)

γ I0
+

(
Q(1 − |λ|)

γ I0

)2

+ 2Q(1 + |λ|) exp(−γ t)

γ I0
+ B2

2I 2
0 (γ 2 + 
2)

cos(
t).

(32)
The power spectrum S(ω) of the intensity fluctuations defined as the Fourier transform of
C(t) becomes [35]

S(ω) =
[

2
Q(1 − |λ|)

γ I0
+

(
Q(1 − |λ|)

γ I0

)2
]

2πδ(ω) + 4Q(1 + |λ|)
I0(γ 2 + ω2)

+ B2π

2I 2
0 (γ 2 + 
2)

[δ(ω − 
) + δ(ω + 
)] = S1(ω) + S2(ω), (33)

where

S1(ω) =
[

2
Q(1 − |λ|)

γ I0
+

(
Q(1 − |λ|)

γ I0

)2
]

2πδ(ω) + 4Q(1 + |λ|)
I0(γ 2 + ω2)

,

and

S2(ω) = B2π

2I 2
0 (γ 2 + 
2)

[δ(ω − 
) + δ(ω + 
)] .

S1(ω) and S2(ω) are the output power spectrum of noise and signal, respectively.
The signal-to-noise ratio (SNR) is defined as

R = Ps

S1(ω = 
)
, (34)

where Ps = ∫ ∞
0 S2(ω)dω. We have

R = KB2Aπ

8(K + a0)a0Q(1 + |λ|) . (35)

4 Discussions and Conclusions

To see the effects of the cross-correlation between the real and imaginary parts of the quan-
tum noise on a saturation laser model under a stable locked phase φs , we first solve the ex-
trema of the steady-state probability density distribution Pst(I ). In (24), let ∂Pst(I )/∂I = 0,
and we have

AK

F1
I 2 −

(
F1 − K − |λ|AQ

F1

)
I + Q|λ| = 0. (36)



Stationary Properties and Stochastic Resonance for a Saturation Laser 137

When (
F1 − K − |λ|AQ

F1

)2

− 4KAQ|λ|
F1

> 0, (37)

the steady-state probability density distribution Pst(I ) possesses two extrema, which pos-
sesses one maximum Pstmax(I ) and one minimum Pstmin(I ). When

(
F1 − K − |λ|AQ

F1

)2

− 4KAQ|λ|
F1

= 0, (38)

the steady-state probability density distribution Pst(I ) only possesses one maximum
Pstmax(I ). When (

F1 − K − |λ|AQ

F1

)2

− 4KAQ|λ|
F1

< 0, (39)

the steady-state probability density distribution Pst(I ) possesses no-extremum. When the
discriminant 
 = (F1 − K − |λ|AQ

F1
)2 − 4KAQ|λ|

F1
> 0, the laser intensity Imax and Imin corre-

sponding to the maximum and the minimum of the steady-state probability density distrib-
ution Pst(I ) are respectively given by

Imax,mini =
(a0 − |λ|AQ

a0+K
) ±

√
(a0 − |λ|AQ

a0+K
)2 − 4KAQ|λ|

a0+K

2AK
a0+K

. (40)

Since |a0 − |λ|AQ

a0+K
| >

√
(a0 − |λ|AQ

F1
)2 − 4KAQ|λ|

F1
, we attain Imax,mini < 0 for a0 ≤ 0 which can’t

accord with the practical situation of I ≥ 0. Thus when the saturation laser is operated at the
threshold and below the threshold, the steady-state probability density distribution Pst(I )

can’t possesses extremal structures for I > 0.
Using (24)–(28), we can obtain and discuss the stationary probability density distribution,

the mean, the normalized variance, and the normalized skewness of the laser intensity by the
numerical calculation.

The discriminant 
 = A2Q2

(a0+K)2 |λ|2 − 2AQ

(a0+K)
(a0 + 2K)|λ| + a2

0 as a function of the cross-
correlation coefficient λ is plotted in Fig. 1(a) and the stationary probability distribution
Pst(I ) versus the laser intensity variable for different discriminants which is determined by
cross-correlation coefficient λ is plotted in Fig. 1(b). From Fig. 1, we see that when other pa-
rameters fixed and λ = ±0.1 make the discriminant 
 > 0, the stationary probability distri-
bution Pst(I ) possesses one-maximum and one-minimum structure; when other parameters
fixed and λ = ±0.52 make the discriminant 
 = 0, the stationary probability distribution
Pst(I ) only possesses one-minimum structure; when other parameters fixed and λ = ±0.95
make the discriminant 
 < 0, the stationary probability distribution Pst(I ) possesses no-
extremum structure. When the laser is operated above the threshold, the SPDD undergoes
three different shapes from two-extremum structure to one-extremum structure, again to
no-extremum structure as |λ| increases from 0 to 1, in which the maximum of the peak of
Pst(I ) decreases, the minimum of Pst(I ) increases, and finally becomes no-extremum struc-
ture. This is a interesting first-order-like-transition phenomenon, the most important of all,
which is induced by the coupling strength |λ| between the real and imaginary parts of the
quantum noise in the saturation laser model under phase lock.

Figure 2 shows that when the laser is operated above the threshold and the parameters
satisfy 
 > 0, Pst(I ) possesses the maximum structure, the height of the peak of Pst(I )
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Fig. 1 (a) The discriminant 
 as
a function of the cross-correlation
coefficient λ for a0 = 2, A = 1,
Q = 2 and K = 30. (b) Pst(I ) vs.
the variable I for three kinds of
different discriminants induced
by the coupling strength |λ|.
Parameters chosen are a0 = 2,
A = 1, Q = 2 and K = 30

decreases as |λ| increases. When the laser is operated near the threshold and below the
threshold, Pst(I ) exhibits no-extremum structure; Pst(I ) always gives a higher value as
I → 0, and Pst(I ) monotonously decreases as I increases and finally has a longer tail before
decreasing to zero. The larger |λ| is, the more obvious the phenomenon is. When λ = 0, the
Pst(I ) − I curves are agreeable with the results given by [4].

The mean of the laser intensity 〈I 〉 as a function of the pump parameter a0 is plotted in
Fig. 3. It is obvious that the mean of the laser intensity 〈I 〉 increases as a0 increases. For near
and below the threshold, the mean 〈I 〉 displays almost no difference as λ changes. However,
for above threshold, the mean of the laser intensity increases rapidly as a0 increases and the
mean of the laser intensity decreases slightly as |λ| increases.

In Fig. 4, the effects of the coupling strength |λ| between the real and imaginary parts
for the mean of the laser intensity 〈I 〉 is shown. above the threshold, the mean of the laser
intensity is the largest, at the threshold secondary, and below the threshold the smallest. The
mean 〈I 〉 monotonously decreases as |λ| increases.

The normalized variance λ2(0) and the normalized skewness λ3(0) of the laser intensity
are plotted against the pump parameter a0 in Figs. 5 for different values of |λ|. When the
laser is operated well above the threshold, λ2(0) and λ3(0) is almost no difference as |λ|
changes. When the laser is operated at the threshold and below the threshold, λ2(0) and
λ3(0) occur large deviations as |λ| changes; λ2(0) > 0 and λ3(0) > 0 for different pump
parameters a0; the larger the coupling strength |λ| is, the larger the values of λ2(0) and
λ3(0) are.

When a periodic signal is added to a saturation laser model with cross-correlation be-
tween quantum noise terms, the interesting stochastic resonance phenomena occur. The
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Fig. 2 Pst(I ) vs. the variable I

for three different values of the
pump parameter a0. Parameters
chosen are A = 1, Q = 2 and
K = 30. (a) a0 = 6. (b) a0 = 0.
(c) a0 = −6

Fig. 3 The mean stationary laser
intensity 〈I 〉 as a function of
pump parameter a0 with K = 30,
A = 1, Q = 2, |λ| = 0.1 (solid
line), and |λ| = 0.9 (dotted line)
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Fig. 4 The mean stationary laser
intensity 〈I 〉 as a function of the
cross-correlation coefficient
strength λ with K = 30, A = 1,
and Q = 2. (a) a0 = 5, a0 = 0.
(b) a0 = 0, a0 = −5

Fig. 5 The normalized variance
λ2(0) and the normalized
skewness λ3(0) of the
steady-state laser intensity as
functions of the pump
parameter a0. Parameters chosen
are A = 1, and Q = 2. (a) The
normalized variance λ2(0) of the
laser intensity for different values
of λ. (b) The normalized
skewness λ3(0) of the laser
intensity for different values of λ
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Fig. 6 The signal-to-noise ratio
R versus the cross-correlation
strength λ with K = 30, A = 1,
and a0 = 5. (a) B = 1, and Q

take different values. (b) Q = 5,
and B take different values

SNR as a function of the cross-correlation coefficient λ between qr(t) and qR(t) is plot-
ted in Fig. 6. From Fig. 6 we see that the SNR distribution exhibits one-maximum structure
and the SNR distribution possesses the maximum at the cross-correlation coefficient λ = 0.
In Fig. 6(a), the maximum value of the peak of R decreases as the noise intensity Q in-
creases. In Fig. 6(b), the maximum value of the peak of R increases as the amplitude of the
periodic signal B increases.

From the above discussion, we understand that the cross-correlation between the real
and imaginary parts of the quantum noise plays an important role in a laser model with a
full account of the saturation effects. The cross-correlation strength |λ| can make the first-
order-like-transition occur. When the laser system is operated above the threshold, the mean
〈I 〉 becomes larger, the output of the laser intensity increases, and the coupling strength |λ|
attenuates the output of the laser intensity. When the laser is operated near and below the
threshold, the mean 〈I 〉 becomes smaller, the output of the laser intensity decreases, and
the coupling strength |λ| still attenuates the output of the laser intensity. When the laser is
operated at the threshold and below the threshold, the cross-correlation strength |λ| enhances
the fluctuation of the laser intensity, in which the fluctuation of the laser intensity mainly
centers on positive fluctuation, the laser system can not generate the steady laser intensity
output. When the laser is operated above the threshold, the fluctuations of the laser intensity
are extremely suppressed whatever |λ| changes, and the laser system can generate the steady
laser intensity output. When a periodic signal is added to a saturation laser model with cross-
correlation between quantum noise terms, the interesting stochastic resonance phenomena
occur at λ = 0. The noise intensity Q decreases the values of the resonance peak, however,
the amplitude of the periodic signal B enhances the values of the resonance peak.
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